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A. M. Ostrowski [l] obtained the following generalization of CebySev’s 
inequality for monotonic functions: 
Assume that f’(x) and g’(x) are continuous in [a, h], and p(x) is a 
positive integrable function. Then 
m g9 P)=.f’(O g’(rl) n--a, -y--u, P) (i’, v E Co, b I), (1) 
where 
rh rh r’j i-h 
r(f, g, p) = J pb) dx J p(-x)f(-x) g(x) d-x-J ~(x).f(-y) dx J P(X) g(x) dx. (1 6, ii U 
For some generalizations of this result see [2]. In this paper we shall 
give some further generalizations, i.e., we shall consider the expression 
C(F,~)=~~j~~(x,~)F(?:,?.)~~-~d~-~~~~p(X,~)F(x,.v)dxd~, (2) (I N 0 (I 
where p and F are integrable function on I’ = [a, h] x [a, h]. 
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1. INTRODUCTION 
2. GENERALIZATION OF THE OSTROWSKI RESULT 
First, we shall prove 
THEOREM 1. Let p: I2 + R be an integrable function such that 
X(x, x) = X(x, x) (tJx~ Cu, bl) (3) 
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and either 
X(x, y)20 (a<y<x<h), X(x, y)>O (a<xdydh) (4) 
where 
and (5) 
X(x, y) = 1’ 1” p(s, t) dz ds, 
u > 
or the reverse inequalities in (4), are valid. 
If F: I2 -+ R has cotinuous partial derivatives F,(x, y) = aF(x, y)/ax, 
F,(x, y) = aF(x, y)/ay and F,,(x, y) = a2F(x, y)/dx 3y, then 
C(F, p)=F2,(5, v) C((x-a)(y-~), PI (k rl E C4 hl). (6) 
Proqf: We have 
s h P(-u, Y)(J’(Y, Y) - 0x3 Y)) dl, = 4y) + B(-x), u 
where 
(F,(Y, Y)+F,(.Y, Y-F,jx, y))dy 








P(X, t) dt 
> 
(F,(Y, Y) + F,(Y, Y) - FAX> Y)) dy 
> 
dx 
(1 0 u 
P(X~ f) dt 
> 
(F,(.Y, Y) + F,(Y, Y) - F2(x, Y)) dy 
> 
d.x 
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I 
(F,(Y, Y)+F,(Y> Y)-FAX, Y))~x dy 
P(X, t) dt V’,(Y> Y) + F,(Y, Y) - FAX, Y)) dx dy 
h 
=J i 
-X(Y> Y) F,(Y, Y) + j" X(x, Y) Fx(x> y) dx 4 
u I > 
+ xt:(y, Y) F,(Y> Y) + j’ x(x, Y) F,,(x, y) dx 4s 
<I > 
i.e., 
C(F, p) = j” j” X(x, Y) F,,(x, Y) dx dy + jb j” x(x, Y) F,,(x, Y) dx & (7) 
0 i I, 0 
If we put 
T(x, y) = X(x, y) (x 6 y) and Rx, y)=Wx, Y) (X2Y) (8) 
we have 
C(E P) = j” j” fk Y) Fr,(x, Y) dx 4, 
u ‘I 
(9) 
and using the mean value theorem for double integrals one gets 
C(F, P) = Fact, ~1) j” j” f(x> Y) dx dy for some r, q E I. (9’) 
u u 
If one applies (9’) to the function F(x, y) = (x - a)( y -a) (or more simply 
to F(x, y) = xy), then 
C((x-a)(~-a), p)=j’ j6-&, y)dxdy 
” u 
so (6) follows from this and (9’). 
THEOREM 2. Let p be defined as in Theorem 1. If F, G: I2 -+ R have con- 




Proof. Using (9) we get 
21 
Now, we shall consider some discrete analogues, i.e., we shall consider 
C,(a, PI' i Pva,j- f  Pijaij, 
iJ= 1 ij = 1 
where a, and pli (1 < i, j d n) are real numbers. 
Let us adopt the denotations: A, aii = ai+ ,j - a,, AzaV = aid+, - ai,, 
A,A*a,i=ai+,j+,-a,+,,j-ai,+, +a,. Note that the following identity is 
valid: 
n-l m-l 
ati-a,-a,+a,,= c 1 A,Aza,s,. 
s=i I=, 
THEOREM 3. The inequality 
CA4 P) 3 0, (11) 
holds for all real numbers ai, (i, j= l,..., n) such that A, A,ali> 0 
(i, j= 1 >...7 n - 1) if and only if 






hold. If A, Azaii < 0 (i, j = l,..., n - 1 ), then the reverse inequality in (11) is 
valid. 
In both cases, the reverse inequality in (11) holds if in (13) the reverse 
inequalities are valid. 
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Proof: Analogous to the proof of Theorem 1, we can prove the 
following identity 
,, I 
Cn(G PI = 1 
i 
-x,+1, Ala,,+ f X,,d,d2Q,Pl,, 
/=I i=/f? 1 
,I- I 
+ C ',.,+I 'la,,,+1 +'xlX,,,+l 'ldZu, 2 
,=l ( ,=I > 
i.e., if (12) is valid 
C,(Q> P)=y i X,,dl~Z% I,/ 
,=I r=,+l 
+ “C’ ‘2’ R,,,+ 1 d*d*Ui,j. (14) 
,==2 ,=, 
Now, using (13) we get (11). 
Take a,,= -1 if i<r<n and 1 <s<j, and a,,,=0 if either 1 <r<i-1 
orj+l<s<n.Thenonecanverifythatd,d,u,,>Ofor l<r,sdn-1,so 
( 11) holds for this sequence (a,,). But (11) reduces in this case to 
0 d i i p,, = x,, 
r=, ,=I 
proving the first one of the inequalities (13). Similarly, to prove the second 
of (13), it suffices to consider the sequence (u,,~) defined by urr = - 1 if 
1 6 r 6 i and j 6 s 6 n, and u,, = 0 otherwise. 
To show that (12) must hold, we must choose two sequences (a,,), (h,,) 
such that for 1 <j<n- I, 
(06) Cn(4 p,=x,, I,,-‘q,.,+ 11 
(OG) C,(JA P)=q,,+I-q+I.,. 
For the first of these, a must satisfy 
.r, ,g, Pr.dQ ss -%I = i; Ii PK, - ,i i; Pr3, 
r-;j+l s=l r=l .t=j+l 
and this requires that 
1 ifj+ 1 <rdn, 1 <s<j 
uss - a,, = - 1 if 1 <r<j,j+ 1 ds6n 
0 otherwise. 
(15) 
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One can verify that for arbitrary choice of a,sS (1 6s <n), if one defines u,,~ 
by (15), then d,d,a,30 for l<r, jdn-1. Hence we obtain X,+,,> 
yj,, + I for 1 <<j < n - 1. A similar analysis using arbitrary II,~,,, and 
(j-t 1 <r,<n, 1 <.s<j) 
(1 drdj,j+l ds6n) 
(otherwise), 
also gives d,d2h,,20 for 16r, sdn-1, and X,,.,+,>X,+,,, for 
ldjdn-1. 
COROLLARY 1. Let pii (i, j = l,..., n) be real numbers such that pi, = p,; 
(i, j= 1 I..., n). Inequality (11) holds for all real numbers ai, (i, j= l,..., n) such 
that A,A,a,,>O (i, j= l,..., n- 1) if and only if 
x,, 3 0 (1 Grbn, 1 <s<n- 1, rfs). (161 
Zf A, A, ah < 0 (i, j = 1 ,..., n - 1 ), then the reverse inequality in ( 11) is valid. 
In both cases, the reverse results are valid if in (16) the reverse 
inequalities are valid. 
A function of two variables F(x, ~1) is said to be a positive set function if 
F(.x+h, y+k)-F(x+h, y)-F(x, y+k)+F(x, y)30 (17) 
for h, k 2 0 (or h, k < 0) with x + h, y + k E [a, b], and for arbitrary choices 
of x, y (x. YE [a, b]). Note that when F has continuous second partial 
derivatives, condition (17) is equivalent to Fzr (x, y) 3 0. 
LEMMA 1. rf 
A@,, ~1,x2, y,)=F(x,, yz)-Fh, yl)-F(x,, yz)+Fb,, ~1) 
(a<~, 6.x,< b, a6 y, d y,< b), then A is increasing in x2 and yr but 
decreasing in x, and y, . 
Proof Using ( 17) for x2 < xi we have 
A(x 19 Y~,x;> Y,)-A(x,, yl,x2, YZ) 
=F(x;> yz)-F(x,, ~z)-F(x;, Y,)+F(.Q, ~,)a0 
and for x1 <x’,, 
A(x’,, YI,XZ, yz)-A(.~,3 ~19x2, ~2) 
= -(W;, ~z)-F(x’,, y,l-FF(x,, Y,)+F(x,, yt))dO. 
Similarly we can prove that A is increasing in y, and decreasing in y,. 
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COROLLARY 2. Let p,, (i, j= l,..., n) be real numbers. Inequality 
D,(a, b, p) > 0, (18) 
where 
D,,(a, b, P)= f p;,F(aj, b,)- i pi,F(a,, b,) 
,.,= I r.;= I 
(19) 
holds for all real n-tuples a and b monotonic in the same sense and for every 
positive set functions F if and only if (12) and (13) are valid. If a, b are 
monotonic in the opposite sense, the same result holds but with D, < 0. 
Remark. Similarly we can obtain integral analogues of the above 
results. 
THEOREM 4. Let a,,, b,, and pi, (i, j= l,..., n) be real numbers such that 
(12) (13), and 
mA,A,b,,dA,A,a,dMA,A,bi, (i, j = l,..., n - 1 ) (20) 
hold. Then 
mC,(b, P) G C,,(a, P) Q MC,,(b, P). (21) 
If (12) the reverse inequalities to (13), and (20) hold, then the reverse 
inequalities in (21) are valid. 
Proof Note that the sequences A, = aii- mb, and B, = Mb, - a, 
satisfy the conditions A, A,A, >, 0 and A, A, B, 2 0, so, from Theorem 3 
obtain Theorem 4. 
Note that the following result is also valid: 
THEOREM 5. Let p,, (i, j = l,..., n) be real numbers such that pnj = pin 3 0 
(j= l,..., n- 1). [j” 
ai,-a,;-ain+a,,30 (i= l,..., n- 1) (22) 
holds, then 
C,(a, P) 2 C, ,(a, p). (23) 





Ctl(ur PI - ‘H- I(‘? P) = 1 PnJ(‘,~- anj) + C Pin(“nn - Urn) 
j=l I=1 
= C Pjn(“ij-Uni-aipj + Unn) 3 O. 
r=l 
COROLLARY 3. Let pij (i,j= l,..., n) he nonnegative numbers such that 
pi = pi, (i, j = l,..., n). Zf 
a, - uii - uji + a/, 3 0 (l<i<j-l<n) (24) 
holds, then 
C,(4p)>C,-,(u,p)> ... >C,(a,p)aO. (25) 
COROLLARY 4. Let pi (i= l,..., n) be nonnegative numbers and let a and 
b be two similarly ordered n-tuples i.e. (ai - a,)(b;- b,) 2 0 (1 < i < j< n). 
Then 
Tn(a> b, PI 3 Trip ,(a, 6, P) 2 . . . 2 T,(a, 6, p) 2 0, (26) 
where 
T,(u, b, P)= i P, i p,a,b,- i p,ai f p;bi. 
i= I i=l i=l i=l 
(27) 
Proof: Let PIJ = PiP,, aV = aibj; then uii-uji-u,-+uj= 
(ai - uj)(b, - b,) 2 0, and one finds that C,,(u, p) = T,(a, b, p). 
3. SOME SIMILAR RESULTS 
THEOREM 6. Let p: I2 -+ R be an integrable function such that (3) is valid 
and let F: I2 + R be a continuous positive set function. Then 
C(F, PI = ptt, rl)UTb, 6) - F(a, 6) - F(b, a) + f’(a, a)) (t, VE Ca, bl), 
(28) 
where 8 is given by (8). 
Proof: If F is a continuous positive set function, it may be 
approximated uniformly on Z2 by polynomials P,,, having nonnegative 
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second partial derivative d2P,t.,/C?r 8~1. Indeed, it is known that the 
Bernstein polynomials 
P,,.,(x, y) = f f F 
r=” ,=o 
x(b-x)” ‘(.\:-a)i(y-a)‘(b-~l)“’ ’ 
converge uniformly to F on 1’ as n--t a, m + CO, if F is continuous. 
Further, if F is a positive set function these polynomials have nonnegative 
second partial derivative Fz,, as may be shown by using the formula 
(x-a)‘(b-x)“.‘(J,-a)‘(b--jj)“‘-’ 
x (x - a)‘(b -x)“- ’ ‘(x - a)‘(b - y)“’ ’ ‘. 
Since x is continuous and d2P,,~,jdx dy 3 0 on I’, by (9) we can obtain 
= Rs,w v,,.,)(P,,Jb, b) - P,2.nAa, b)- P,,,(b, a) + P,z,,(bj b)). 
The points g,,,,, = (<,, ,,,, yl,,,,,,) have a limit point (4, q) in Z2 as m, n --+ 00, so 
letting m, n --+ cc through an appropriate sequence, the uniform con- 
vergence of P,,,, to F gives (28). 
Now, we shall give the following result: 
THEOREM 7. Let p,, be positive numbers such that (12) holds. If it4 = 
-xl s,sn I q,+ I and fd,d,a,,>,O (go) (1 <i,jdn- l), then 
lC,,(a, P)l QM lh-anI -a,,+al,l. (29) 
ProojI Using (14) we have 
,z--I ” n-l ,-I 
ICn(ar p)IGM C 1 dldzai I,j+ C 1 A,Azug 
,=I ,=,+I ,=2 ,=I 
= M Ita,,, - 4, - a,, + a,,) + (aI 1 - a,, - alf + %,)I 
=Mla,,,-a,,,-a,,,+a,,l. 
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COROLLARY 5. Zf either A,A,a,-20 (i,j= l,..., n- 1) or A,A,a,<O 
(i, j= 1 ,..., n-l), then 
Now, we shall prove 
THEOREM 8. Let a and b be real n-tuples such that n < ai < A, b < b, < B 
(i= l,..., n) and let F be a positive set function. Then 
(F(A, B) - F(a, B) - F(A, b) + F(a, b)), (30) 
where D,, is given by ( 19). 
Proof: It is known that rearrangement inequalities hold for positive set 
functions (see [558]): 
Let a and b be two real n-tuples and let F be a positive set function. 
Then 
,t, F(_a,, bk),< i F(a,, b,)< f F(a,, 6,), (31) 
k=l k=l 
where 5 = (5, ,..., a,,) and _a = (_a, ,..., _a,,) are nondecreasing and nonincreas- 
ing rearrangements of a, respectively. 
Since 
i F(a;, bj)= i F(ti,, J$)= i F(_ai, 6,) 
i.j= I i,/= 1 r.j= I 
using (31) we have 
so 
D,,(_a, 6) d D,,(a, b) d D,,(& 6) (D,,(a, b) = D,(a, h 1)). 
IDAa, b)l 6 maxW,(_a, @I, ID,,(4 611) (32) 
is valid. On the other hand, using Corollary 5 in the case when aV = 
F(C,, 6;) and a,= F(‘(_ai, hi), and Lemma 1, we have 
ID,&, 6)l, IDA& @I 
G [;I(+ [4]) (F(A, B) - F(a, B) - F(A, b) + F(a, b)). (33) 
So, using (32) and (33) we obtain (30). 
28 JOSIP E. PEeARk 
It is evident that 
PAa, b, 1 )I 6 +(F(A, B) - F(a, B) - F(A, b) + F(a, b)), 
SO, by a standard approximation procedure we can obtain the following 
generalization of the well-known Griiss inequality ([lo]): 
THEOREM 9. Let F be a positive set function and let f and g be two real 
function such that F(f(x), g(y)) zs integrable over 1’ and a <f(x) < A, 
b d g(x) < B for all x[a, b], where a, A, b, B are fixed real constants. Then 
1 
-h F(f(x), g(x)) d-x----, 
h h 
‘I SI (b-a)- u 
F(,fb)> g(y)) dx dy 
(1 
6 $(F(A, B) - F(A, b) - F(a, B) + F(a, b)). 
4. ON Po~ovrcru’s INEQUALITY 
Popoviciu [ 111 considered the inequality 
,,i, xi,a;bi>O (OrW 
for monotonic n-tuples a and b. 
Here we shall consider the expressions 
F(a,x)= i X rj a if and F(f, p)=jb 1” P(X, Y)f(x, ~)dx& 
I,,= I (1 (1 
where x,,, a,, (1 < i, j 6 n) are real numbers and p, f: 1’ -+ R are integrable 
functions. 
First, we shall prove the following result: 
THEOREM 10. Let p: I2 -+ R be an integrable function such that 
P(a, y) = P(x, a) = 0 (Vx, Y E [a, bl) (34) 
and 
n-T Y) 2 0 (‘dx, Y E (a, bl)> (35) 
hold, where 
P(x, y) = j” !‘” p(s, t) dt ds. 
r I 
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If f: I2 -+ R has the continuous partial derivatives f,, f2, and f2, on I’, 
then 
Wi p) =fil(L 9) Wx- a)(r- 4, PI (5, rl E [a, bl). (36) 
Proof: We have 
P(X> y)fb> y) 4 
=Ih(fla,a)jhp(~,l)dx+jh(jbp(~,p)d~)f;(~,oidx)dy 
* u ” Y 
+ j” ( f2(aT Y) j: Jr P(S, t) dt ds 
LI 
i.e.. 
F(f, p)=f(a, 0) p(a, a) + j” P(x, a) fib, a) dx 
u 
+ s ’ P(a, Y)fi(a, Y) 4 u 
b 6 
+ 
II f’(x, Y) f&b, Y) dx &. 0 u 
In our case when (34) and (35) are valid we have 
F(f, P) = j” j” Ptx> y) fdx, y) dx dy, 
(I 0 
i.e., 
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Note that from (38) by taking f(x, y) = (x-a)(y-a) (or J‘(x, y) =xy) 
one obtains 
F((x-a)(y-a), p)=jbj%x, y)dxdy, 
II u 
so, from (38) we get (36). 
THEOREM 11. Let p he defined as in Theorem 10 and let f g: I2 -+ R 
he two real functions with the continuous partial derivatives 
.fl3fi?f21, gl, g2, g21 with g,, #O on 12. Then 
(39) 
Proof. The proof is similar to the proof of Theorem 2. Similarly to the 
proof of Theorem 6 we can prove 
THEOREM 12. Let p: I2 + R be an integrable function such that (34) is 
valid. If f: I’ --+ R is a continuous positive set function, then 
F(f, PI = P(5, vlN.f(b, b) -f(c b) -f(h a) +f(a, ~1) ((3 v E [a, bl). (40) 
Note that the following generalization of Popoviciu’s inequality is valid 
(C141): 
THEOREM 13. Let a, and xii (i, j= l,..., n) be real numbers. Then 
F(a, x) 30 (41) 
holds,for every sequence a such that A, A,u,, > 0 (i, j= l,..., n - 1) ifund only 
if 
X,, =0 (r= l,..., n), X,,s=O (s=2 ,..., n) (42) 
and 
X,*20 (r, s = 2,..., n) (43) 
The proof is similar to that of Theorem 3. 
THEOREM 14. Let xii and ati be real numbers such that (42), (43) and 
m<A,A2uobM (i, j= l,..., n - 1) (44) 
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are valid. Then 
mF(e, x) < F(a, x) ,< MF(e, x), (45) 
where e= fey} = {(i- l)(j- 1)). 
ProoJ Note that the sequences AO=a,-m(i- l)(j- 1) and B,= 
M(i - 1 )( j - 1) - au satisfy the conditions 
A,A,A,20 and A,A,B,20 (t, j= l,..., n- I), 
so, using Theorem 13 we get Theorem 14. 
Analogously we can give similar generalizations of the other results from 
the sections 2 and 3. 
5. ON THE KY FAN INEQUALITY 
Ky Fan [12] considered the inequality 
for nonnegative and nonincreasing functions f and g. 
Here,we shall consider the following expression 
Wf, P, q) = lb q(x) f(x, sy) dx - I” [” P(.x, Y) f(x, Y) dx dx 
0 0 0 
where p, f and q are integrable functions. First, we shall prove 
THEOREM 15. Let p: I2 -+ R and q: I --f R he integrable function such that 
f’(a, Y) = Q( YX P(-T a) = Q(x), W, Y) 6 Q(max(x, Y)) (46) 
(Vx, ye [a, b]), where Q(x) = je q(t) dt, P(x, y) = SC lf p(s, t) dt ds. 
If f: I2 + R has the continuous partial derivatives f, , f2, and fi, on 12, then 
K(f, P, 4)=fi1(5, v)K(b-a)(~-aL P, 4) (5, YI E [a, bl). (47) 
Proof: Note that the following identities are valid 
jbq(~)f(x,~)dx=f(a,a)Q(a)+j"Q(~)f,(x,x)dx u u 
+[bQ(x)f& xl dx> (48) 0 
409’123 1-3 
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and 
since fi2 -.f;, on I’ (this follows from Schwarz’ theorem when f, ,f,, J2, 
are all continuous on I’). 
Using (37) and (48)-(50) we get 
Nf, P> 4) =J‘(Q, a)(Q(a) - p(a, a)) 
+ h(e(~)--P(S,u))f;(x,a)d-~ c L1 
+ I ’ (Q(Y)-~'(u, ~))f,(a> ~14 0 
h + SC h (Q(max(x, .v)) - P(x, ,v))f2,(x, Y) dx 4~1, (51) (I ” 
i.e., in our case 
K(f, P, 4) = j-” ii’ (Q( max(-x, Y)) - W7 ~))f~~(x, Y) dx dy 
u N 
=.f;,(L v) jab i:’ (Q( Max, Y)) - P(x, ~‘1) dx 4 
=f2l(t* VI K((x-a)(Y-u), P? 4). 
THEOREM 16. Let p and q be defined as in Theorem 15. If f, g: I2 -+ R 
have continuous partial derivatives f,, f2, f2,, g, , g,, and g,, with g,, # 0 on 
I’, then 
(52) 
Analogously, we can give similar generalizations of the other previous 
results (some similar results are given in [ 133). 
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